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Abstract

The purpose of this article is to derive and analyze new discrete mixed approximations
for linear elasticity problems with weak stress symmetry. These approximations are based
on the application of enriched versions of classic Poisson-compatible spaces, for stress and
displacement variables, and/or on enriched Stokes-compatible space configurations, for the
choice of rotation spaces used to weakly enforce stress symmetry. Accordingly, the stress space
has to be adapted to ensure stability. Such enrichment procedures are done via space increments
with extra bubble functions, which have their support on a single element (in the case of H'-
conforming approximations) or with vanishing normal components over element edges (in the
case of H(div)-conforming spaces). The advantage of using bubbles as stabilization corrections
relies on the fact that all extra degrees of freedom can be condensed, in a way that the number of
equations to be solved and the matrix structure are not affected. Enhanced approximations are
observed when using the resulting enriched space configurations, which may have different orders
of accuracy for the different variables. A general error analysis is derived in order to identify
the contribution of each kind of bubble increment on the accuracy of the variables, individually.
The use of enriched Poisson spaces improves the rates of convergence of stress divergence
and displacement variables. Stokes enhancement by bubbles contributes to equilibrate the
accuracy of weak stress symmetry enforcement with the stress approximation order, reaching

the maximum rate given by the normal traces (which are not affected).
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1. Introduction

Mixed finite element methods have been used for linear elasticity problems since the very
beginning of finite element history [19]. Based on the Hellinger-Reissner principle, these meth-
ods seek simultaneous approximations for both the stress and the displacement, the variables
of primary interest, as as independent unknowns. Instead, if a traditional H'-conforming for-
mulation is considered only in terms of displacement, with the stress being obtained through a
numerical differentiation of the displacement, it is well known that a decrease in stress accuracy
occurs. Furthermore, a correctly designed mixed method (i.e. satisfying the equilibrium con-
dition) gives a good modeling of incompressible and nearly incompressible materials, for which
standard displacement methods fail.

Conforming finite element mixed methods require the normal component of the stress ten-
sor g to be continuous along the inter-element boundaries (i.e., ¢ € & C H(div,{2,M)), but
discontinuous approximation spaces % C L*(Q,R?) are used for the displacement variable
u. Moreover, for stability, divergence compatibility of this finite element pair and other re-
quirements are necessary. There is a line of research using symmetric tensor spaces .% (cf.
e.g. [16, 22, 27] and references therein), but mixed formulations for linear elasticity prob-
lems weakly imposing stress symmetry have also been considered by several authors (c.f. e.g.
[1, 6, 8, 12, 17, 21, 26, 28]). Both approaches may deliver optimal convergence rates for the
stress tensor and displacement, symmetric tensors requiring smaller system of equations when
compared to the weakly symmetric approximations. The symmetric tensor approximations,
however, lead to lower convergence orders when applied to problems where the elastic coeffi-
cients are heterogeneous. Moreover, as mentioned in [2], the stability requirements have proved
to be surprisingly hard to be fulfilled by symmetric tensors. For these reasons, other strate-
gies have been pursued, by weakening the enforcement of stress symmetry, the main subject of
this article, or by giving up H(div)-consistency in the so called non-conforming methods (e.g.
[3, 7, 23, 25, 30] and the references therein), which we will not treat here.

For the mixed formulations weakly imposing stress symmetry, in addition to divergence
compatible approximation spaces . C H(div,Q, M), and % C L*(), R?), for stress and dis-
placement variables, the idea consists in imposing a weak symmetry condition through the use
of a Lagrange multiplier living in an appropriate approximation space 2. Usually, the spaces
{S, %} are obtained with rows taken from a compatible space configuration {7, 2} for the
mixed formulation of Poisson problems, based on a partition 7 = {K} of the computational
domain €2. For stability, the multiplier space 2 should be chosen properly. For two dimen-
sional problems, one methodology for stability analysis consists in finding a Stokes-compatible
space configuration {#', 2}, for velocity and pressure variables. If .# contains the curl of #,
then {7, % , 2} can be stably applied to the mixed formulation for elasticity with weak stress
symmetry.

Given a stable space configuration {., %, 2}, our purpose is to obtain new methods by
enriching the spaces %, 2, or both. Consequently, the stress space has also to be adapted to

restore stability. For such kind of space configurations, with enhanced and possibly different
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rates of convergence for the different variables, a general error analysis is derived in Section 4,
for which the error for each variable is estimated individually, in terms of projection errors.
As indicated in the proofs, the theoretical analysis combines some classic tools previously used
by other authors. However, for stability, two new auxiliary types of Stokes-compatible space
configurations were created.

The enrichment procedures shall be enforced by space increments using extra bubble terms.
Bubbles refer to functions with support on a single element (in the case of H'-conforming ap-
proximations) or with vanishing normal components over element edges (in the case of H(div)-
conforming spaces). The advantage of using bubbles as stabilization corrections relies on the
fact that the corresponding degrees of freedom can all be condensed, in a way that the number
of equations to be solved and the matrix structure are not affected by the enrichment process.

One kind of enrichment consists in taking a higher order rotation space 2% O 2, requiring
a richer Stokes-compatible configuration {#*, 2"} for the corresponding stability analysis.
As described in [11], stabilization of approximation spaces for Stokes problems using a richer
pressure space 27 can be obtained by the addition of some proper bubble functions to form # .
Thus, the effect of this procedure on the elasticity space configuration is an increment of . by
higher order divergence-free bubble functions to form .7, without changing %/. One example
in this context is discussed by Stenberg in [28], based on the Poisson-compatible BDM;, spaces
for triangles, which can be viewed as an enriched version of the Arnold-Falk-Winther family
[6] by the increment of the tensor spaces by divergence-free bubbles in order to enhance the
multiplier space (see Section 6.3). As illustrated in Section 5, and having in mind the design
of stable space configurations for elasticity problems with higher order multiplier spaces, two
new richer Stokes-compatible space configurations shall be created, namely CR; for triangular
elements, corresponding to an enriched version of the Crouzeix-Raviart space CRy, for k = 2,3
[13], extended for higher orders in [24], and QRE,Z} for quadrilateral meshes, an enriched version
of the Girault-Raviart (GRp) space [20], for k > 1.

There are other circumstances where the goal is to have richer displacement approximations
U+ D . Assuming that the pair {., %} is constructed from a Poisson-compatible space
configuration {¥, Z}, it seems natural to take an enriched stable version {#*, 2%} to form
{St,U",2}. For such cases, the same Stokes-compatible space configuration {#', 2} used
for the stability analysis of the original space configuration {.¥, %, 2} can be used to prove
stability for the enriched version {7, Z*, 2}. For instance, this is the case of space configu-
ration based on Poisson-compatible ABF; spaces for quadrilateral meshes, discussed in [26],
which can be viewed as an enriched version of the family based on R7 [ spaces discussed in
[1]. The adoption of enriched ABF; spaces enhances the accuracy of stress divergence and
displacement, but it is not sufficient to improve the weak enforcement of stress symmetry in
general quadrilateral meshes.

As proposed in [18, 14], there are other enriched stable spaces {#*, 22} for the Poisson
problem that can be obtained by adding to # some appropriate bubble functions to form

¥ " keeping unchanged the original edge vector functions. Some examples shall be considered
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in Section 5, as well as their corresponding enriched versions, which are used in the current
study. The corresponding stable finite element spaces . C H(div,Q,M),% c L*(Q,R?),
2 C L*(Q, R) for the mixed method for linear elasticity with weakly imposed stress symmetry
are listed in Table 1, where the associated local spaces S(K,M), U(K,R?), and Q(K,R) are
shown.

As shall be discussed in Section 6, the effect of using these kinds of enriched Poisson-
compatible spaces to form displacement and stress approximations for linear elasticity enhances
the divergence and displacement variables. Since weak stress symmetry enforcement and stress
accuracy result to be related, space enrichment can be used to equilibrate them, reaching the

maximum rate given by the order of stress normal traces, which are not affected (see Table 3).

Geometry |P-method S U @ |Reference
BDM;, |Py Pr1  |Pr_1]|[6]
Triangular  |BDM; ]P’g D Py Py P, |this paper?
BDM;t P @ Py Pir1  |Py|this paper
Quadrilateral RT VET[’“] - Prryy [Py [1]
RTF,;] VRT[k] @ VRT[k . PRT[k . Py [this paper

Table 1: The discussed and implemented combinations of stable finite element spaces . C H(div, Q,M), Z C
L*(Q,R?), 2 c L*(Q,R) for the mixed approximation of linear elasticity with weakly imposed stress symmetry,
with corresponding local spaces S, U and @, constructed from Poisson-compatible methods (P-method) for
triangular and quadrilateral meshes.

The paper is organized as follows. General aspects on notation for element geometry, poly-
nomial spaces, differential operators, transformations, and approximation spaces are set in Sec-
tion 2. The mixed element formulation for linear elasticity problems with weak stress symmetry
is given in Section 3, for which a general error analysis script is established in Section 4. The
required Poisson-compatible and Stokes compatible space configurations, and their enriched
versions, are discussed in Section 5. The proposed enhanced approximation space configura-
tions for the mixed formulation for linear elasticity problems with weak enforcement of stress
symmetry are described in Section 6, where convergence rates are determined by identifying
the principal hypotheses required by the general script of Section 4. Section 7 contains some

numerical results illustrating the theoretical a priori estimates of previous sections.

2. Preliminaries

We begin by collecting some useful notation and fundamental aspects of compatible ap-
proximation spaces for Poisson and Stokes problems with which we explain the analysis of the

methods proposed in the paper.

Tt can be shown that this space is equivalent to the one proposed in [28]. In this paper we construct it by
the composition of edge and internal functions (see Section 6.3.1).
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2.1. Notation for vector and tensor functional spaces

We use M = R?*? to refer to the space of two-dimensional second-order tensors, while
S C M is the subspace of symmetric tensors. Scalar functional Hilbert spaces L*(2,R) and
H*(2,R) have the usual meaning and norms. Associated vector and tensor spaces inherit the

corresponding norms, and shall be denoted by:

R))*; H(Q,R?) = [H(Q,R)]".

]2><2; HS(Q7M) _ [HS(Q’R)]2X2‘
( v _eL?(Q,R)}.

{ L(Q,M); Vg€ L*(Q,RY)}.

Throughout the text, (, ) denotes inner products in L*(Q,R), L*(2,R?), and L*(2, M),
and ( , ) is used to define the duality pairing between H -1/ (09, R?), the space of normal traces
of H(div,, M), and Hl/Z(ﬁQ, R?), the space of traces of H'(Q, R?).

2.2. Operators

e Divergence (V- and V:.):
For a vector function ¢ = [ )T, V- q = Oy + Oathy;

e I I V-,

For a tensor function g = = VENES .
B o1 a2 ¥, - V- l/)z
e Curl (V x and VX):
For a scalar function ¢, V x ¢ = [(‘)2¢ _alqp];
a1 Vxaq Oq1 —0iqu '

X g = = ;
q2 V X ¢ Oaqe —01q2

For the product of scalar and vector functions ¢g: V x (wg) =YV X ¢+ qV x 9.

For a vector function q=

I

o Asymmetry measure (asym):

Y Y
For ¢ = , asymq = g — ay;
- Vo1 Yoo B

asym : H(div,Q, M) — L*(Q,R) is a bounded operator.

2.3. Local approrimation spaces restricted to an element K

Scalar spaces:

e P.(K,R) - scalar polynomials of total degree at most k;
o Qi:(K,R) - scalar polynomials of maximum degree k in z and ¢ in y;

° I@’k(K ,R) - homogeneous polynomials of degree k.
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Vector spaces V(K,R?) = V?(K,R?) & V (K, R?)
e VI(K,R?) - edge functions;

e V(K,R?) - internal functions.

Tensor spaces S(K, M)
e Rows in S(K,M) are vectors in V (K, R?).

2.4. Transformations

Let Fx : K — K be a geometric invertible map transforming K onto K. Fr: K — K is
supposed to be affine F(Z,9) = Ao+ A1Z + Ayy (triangles and parallelograms), or non-affine
Fr(Z,9) = Ao+ A12 + Asy + Aty (non-parallelogram quadrilaterals).

e Scalar functions: p = Fyp = po Fy'; for vector functions q = Fkq by applying Fr to the

components of ¢;

- 1
e Vector functions (Piola transformation): ¢ = FIVg = Fg [J_ DF Kc}] , where DF is the
4 4 . 4

I

Jacobian matrix of Fi, and Jx = |det(DFk)

e For tensors: ¢ = F}i(ivg is defined by applying the Piola transformation to each row of g.

Properties [1, Lemma 2/

1
1. Vg =Fg {EV-Q].

2. For vector functions q= IE‘KQ, Z X q= F;i(ivz %

b

2.5. Poisson-compatible approximation spaces

Approximations spaces for flux ¥ C H(div,Q, R?) and pressure & C L*(2,R), to be used

in the mixed formulation of Poisson problems, are generally piecewise defined as

¥ ={n e H(aiv,Q,R%); nlx € V(K,R?), KT}, (1)
P ={pe L*(LR); plx € P(K,R), K€ T}. (2)

The local spaces V (K, R?) C H(div, K,R?) and P(K,R) C L*(K,R) can be defined directly
on the geometric element K, or by backtracking a vector polynomial space V and a scalar
polynomial space P, which are defined on a reference element X . Precisely, if F : K — K is
the geometric transformation of K onto K, then P(K,R) = Fx P, and V(K,R?) = F&VV.

For compatibility, the following condition is required:

A~ A

V.-V="P. (3)

In this paper we consider that V is spanned by a hierarchy of vector shape functions orga-

nized into two classes: the functions of interior type, with vanishing normal components over
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all element edges, \27,0 and the shape functions associated to the element edges Vo, Thus, the
decomposition V=vVegV?’ naturally holds.

Property (3) can be extended to the spaces ¥ and &2. Precisely, let ) be the L2-orthogonal
projection on ]5, and let 7 : HS(K,R2) — V be an appropriate projection commuting the de
Rham diagram

V- (77) = MV - ).

Analogously, on the geometric element K, define A\ : L*(K,R) — P(K,R) by Ag(p) =
Ap) o Fg', with p = p o Fg. Then A : L}(Q,R) — 22 is defined by A(p)|x = Mg (p|x)-
Analogously, projection 7” : H*(Q,R?) — ¥ is defined in terms of local projections mg :
H*(K,R?*) = V(K,R?), where 7y (n) = #(f)) o Fg', with ) =5 o F¢. It follows that

(p—Ap,V-q)=0, YgeV, (4a)
(V-(n—7"n),¢) =0, Ve (4b)

2.6. Stokes-compatible approximation spaces

Stokes-compatible approximations # C H'(Q,R?) for velocity, and 2 C L*(Q,R) for
pressure, to be used in a mixed formulation for Stokes problems, are generally piecewise defined

as

VS {we HI(Q’R2)7 Q|K € W(Ka]RZ)’ K € T}u
2={qe L*(QR); qlx €QK,R), K€ T}.

The local spaces can also be defined directly on the geometric element K or by backtracking a
vector polynomial space W and a scalar polynomial Q, which are defined on a reference element
K. Precisely, W(K,R?) = Fx W, Q(K,R) = FxQ.

As discussed in [9], there are cases, specially for general quadrilateral meshes, where the
use of unmapped pressure spaces 2 are more effective, meaning that Q(K,R) is a polynomial
space defined directly in K.

For stability, the well known inf-sup condition should be verified:

e There exists a positive constant C' such that for each ¢ € 2 there is a nonzero w € #
with (V- w,q) = Cllw|m [|g]| z2-

The inf-sup condition holds provided a bounded linear operator w5 : H*(Q,R?) — # exists
verifying:

(v - @—wsyw) —0, Vo€ 2.

3. Mixed formulation for elasticity problems with weak stress symmetry

Consider the mixed formulation with weak stress symmetry for the elasticity problem: Given
up € H2(0Q,R?) and g € L2(Q,R?), find (g,u,q) € H(div,Q,M) x L*(,R?) x L*(Q),R)
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satisfying

(Ag,7) + (u, V1) + (q,asym 1) = (tv,up), Vz € H(div,Q,M), (5a)
(YV-o,m)=(g,m),  VneL*QR, (5b)
(asymg, ) =0, Vi € L*(Q,R), (5¢)

for the stress tensor g, the displacement w, and the rotation g = asym(Vu/2). The material
properties are described by a compliance tensor A = A(x), which is a self-adjoint, bounded,
and uniformly positive definite linear operator acting from S to S. We assume that A can be
extended to an operator from M to M with the same properties. In particular, in the case of
homogeneous and isotropic body, Ag = 2ue + A tr(g)£ , A and p being the Lamé parameters,
and [ the 2 X 2 identity matrix. Throughout this paper, the variables shall be assumed to be

normalized, such that this formulation is dimensionless.

Remark
A more general way of presenting this formulation would be to define the rotation as an
anti-symmetric tensor. This idea generalizes to the three-dimensional case and was the choice

of many authors, e.g., [6, 12].

Discrete formulation

Given finite dimensional subspaces .# C H(div,Q, M) for tensors, Z C L*(Q,RR?) for
displacements, and 2 C L*(Q, R) for rotations, consider the discrete version of the formulation:
find (g, u,q) € & x % x 2 satistying

(Ag,7) + (w, V1) + (¢,asymz) = (tv,up), VI €7, (6a)
(Z gvﬂ) = (273)7 Vﬂ e, (6b)
(asyma, p) = 0, Voe 2 (6¢)

Stability

The inf-sup condition for this formulation holds provided the following Brezzi’s stability

conditions are satisfied:

(S1) There exists a positive constant ¢; such that ||| g(aiv,0m < c1(Az, ;)1/2 whenever 7 € .7
satisfies (V- 7,m) = 0 for all n € %, and (asym 7,¢) = 0 for all ¢ € 2.

(52) There exists a positive constant c; such that for each n € % and ¢ € 2 there is a nonzero
T € Y with

(V- T, ﬂ) + (asym T, ©) > 02||;||H(div,ﬂ,M)(||ﬂ||L2(Q,1R2) + ||<P||L2(Q,R))-

One technique to construct stable space configurations for the mixed formulation for elas-

ticity problems with weak symmetry, using Poisson-compatible approximations, is based on
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Stokes-compatible spaces, as originally proposed in [17], and stated in the next theorem (see
also [8, Proposition 3], [12, Proposition 5.1], [1, Theorem 1]).

Theorem 1. Let ¥ C H(div,Q,R?) and & C L*(},R) be a consistent pair of approzimation
spaces for the mized formulation of the Poisson problem, and let W C H'(,R?) and 2 C
L*(Q,R) be a consistent pair of approzimation spaces for the Stokes problem. If

VxWcC, (7)

then the space configuration . C H(div, Q, M), with rows in ¥, % C L*(Q,R?), with compo-
nents in 2, and 2 C L*(Q, R) satisfies the Brezzi’s conditions for the mized weakly symmetric

formulation.

3.1. Approzimation spaces

Based on Theorem 1, all formulations to be studied here shall be based on space configura-

tions of the form {7, %, 2}, where

S = {; € H(div,Q,M); 7| € S(K,M), VK € T} , 8)
U ={ue L*(QR?); ulx €UK,R*), VK €T}, (9)
2 ={qe L*(QR); qlx € Q(K,R), VK € T} (10)

are defined in terms of Poisson-compatible approximation spaces ¥ C H(div,Q,R?) and & C
L*(,R), as in (1) and (2), and 2 C L*(,R) is the pressure approximation space for a
Stokes-compatible space configuration {#, 2}, such that (7) is satisfied. Recall that the local
approximation spaces S(K, M) and U(K,R?) are constructed in such a way that the rows in
S(K,M) are the vectors in V (K, R?) and the components of U(K,R?) are in P(K,R). When
V(K,R*) = Vaame(K,R?) and P(K,R) = Pxame(K,R) correspond to the local spaces of
the family “NAME” for approximation of the Poisson problem, then the equivalent stress and

displacement spaces are denoted by Syame(K, M) and Uxane(K,R?).

3.2. Projections

Error analyses of approximated mixed methods require the estimation of the best approx-
imation allowed by the spaces, which are usually bounded in terms of some special projection
errors. For the mixed formulation of elasticity problems with weak symmetry, appropriate pro-
jections are defined in [8], as stated in the next theorem. For completion, the proof is included

in Appendix A.

Theorem 2. Assume compatible approzvimation spaces . C H(div,Q,M), % c L*(Q,R?),
and 2 C L*(,R), as defined in (8), (9), and (10), constructed using the procedure described
in Theorem 1. Then, a bounded projection operator I1 : H*(Q,M) — ¥ can be defined for

sufficiently smooth tensors T such that

(z- (r - H;),g) n (asym(;— r), ¢> —0,VEU, v 2. (11)

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29



Projection errors

Consider a family a shape-regular partitions 7;,, with mesh width h. Let ¥}, and &), be
stable pairs of spaces for the Poisson problem, and let v}’ and ), be the associated compatible
projections. According to [5, Theorems 4.1 and 4.2], and [4, Theorem 3|, projection error

estimates

18 — 73, Bllr2are) < CH Y| Bl e+ o,r2), (12)
IV 8=V -7 Blrzr) < CRTHV - Bllmiam), (13)
1P — Apll 2o r) < CA Dl a1 (o.m), (14)

hold provided that P,(K,R?) C V(K,R?), P;(K,R) C V- V(K,R?), and P,(K,R) C P(K,R).

Accordingly, consider compatible approximation spaces for the elasticity problem: .#, C
H(div,Q, M), with rows in %, %, C L*(Q,R?), with components in &, and 2, C L*(Q,R),
as stated in Theorem 1. Let IT;, = Iy, + Iy, be projections Iy, : H*(Q, M) — ., as described
in Appendix A. Recall that ||[IIz,g| z2@m < Cllg — Iing| z2@m), and that V - TIyg = 0.
Furthermore, consider Ay, : LQ(Q,Rz) — ), the associated projection Aju = [Apuy /\hug]T, for
u = [u; ug)”, so that

(u—Ap(u),V-1) =0, VI € Z. (15)

Therefore, given the error estimates (12)-(14), similar results hold for the associated pair of

approximation spaces {.%,, %, }. Precisely,

||g — th”L?(Q,M) S Chs+1||g| H5+1(Q,M)7 (16)
IV g~V -gllzrz) < CRHY - gl g o.p2), (17)
HQ — AhQHLQ(Q,RQ) S Cht+l|’QHHz+1(Q7R2). (18)

Furthermore, let I', denote the L-orthogonal projection on 2, and m be such that

lg — Thallz2ory < CR™ gl gme@r)- (19)

Note that in the above projection error estimates, the constants appearing on the right hand
sides depend only on the shape-regularity factors of the partitions 7y, and on the bounds of 7

in the reference elements.

4. Error estimates for the mixed weakly symmetric formulation

Given a family of shape-regular meshes 7;, of €, let .%, C H(div,Q,M), %, C L*(Q,R?)
and 2, C L*(€,R) be approximation spaces based on 7y, satisfying the Brezzi’s conditions for
the mixed weakly symmetric formulation, constructed as described in Theorem 1. If g, € 7,

uy, € %, and q;, € 2, are approximations of the mixed weakly symmetric formulation (6), then
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classic error analyses for stable mixed methods give the following estimate

la — o, [lr@iv.om + lu— wllr2@r2) + lg — anllr2@r)

<C| inf g —Zllmivom + nf. = nllz2or2) + Jnf lg = ellrz@m | - (20)

However, as shall be revealed by the examples in Section 6, enriched space configurations
usually use approximation spaces which may have different orders of accuracy for the different
variables. For such cases, the error estimate (20) is not optimal, since it is limited by the less
accurate of the approximation spaces. Another analysis can be derived in order to specify error
estimates for V - ¢ and u, individually, in terms of projection errors.

Precisely, considering the bounded projection operators IT;, : H*™(Q, M) — .%,, verifying
(11), Ay = L*(Q,R?) — %, verifying (15), and the L*-orthogonal projection 2;, on T, the
proof of the next results is detailed in Appendix B. It is inspired by similar arguments used in
the analysis of mixed methods for Poisson problems, shown in [5, Theorem 6.1]. We also refer
to [12] for a similar analysis of a mixed, weakly symmetric, scheme for elasticity using enriched

Raviart-Thomas approximations based on simplex meshes.

Theorem 3. If a,

symmetric formulation (6), then the following error estimates hold:

€ S, w, € U, and q, € 2p, are approximations of the mized weakly

IIg - thL2(Q,M) + g — CIhHL?(Q,R) < C‘(Hg - thHLQ(Q,M) +[lg — Fh(.IHL2(Q,R))> (21)
IV - (g =g, )llrzere) < CIV - (¢ — o) r2or2), (22)
[Anw — w720 p2) = (Al — g,), v — Thyw) + (Thg — ¢, asym(TL)),  (23)

where v € H'(Q,S) and w € H*(Q,R?) solve the elasticity problem

V-v=»Mu—uw, inf,
v=A"g(w) nQ,
w =0 on 0f).

Since the inf-sup condition is valid with constants independent of the Poisson ratio, the same
holds for the above error estimates. This fact is one main advantage of using mixed methods to
solve linear elasticity, allowing to work with materials near the incompressible limit, avoiding
the locking phenomena.

As a consequence of Theorem 3 and of the projection errors (16)-(19), the following conver-

gence rates hold.

Theorem 4. Consider approximation space configurations { S, U, 2} based on shape regular
meshes Ty, of a convex region 2, obtained from the connection between elasticity elements and
stable mized finite elements for Poisson and Stokes problems, as described in Section 3.1. Let
I1;, and A, be the projections defined in Section 3.2. Ifo, € %h uy, € Uy, and qn, € 2y, satisfy
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(6), and the functions g, u and q, solutions of (5), are reqular enough, then the following

estimates hold:

e — anlltz@m + lla — anllzr) <C (R allmr @y + 2"l amor)), (24)
IV - (e — g, )llrore) < CR Y - all s o ey, (25)
lu — w22y <C (Rl allms+r @) + R |l e o re)

+hm+2||ql|Hm+1(Q,R)), (26)
where the values of the parameters s, I, t andm are such that P,(K,M) C S(K,M), P;(K,R?) C
V- S(K,M), P,(K,R*) c U(K,R?), and P,,(K,R) C Q(K,R), VK € Tj.

Proof. Estimates (24) and (25) follow directly by inserting the projection errors (16), (17), and
(19) in (21) and (22). Using Cauchy-Schwartz inequality in (23), we obtain

1Anw = wy T2 < I1A(2 — g,) 2@ |z — Mhll 2@

+1Tnq = dllz@mllasym(z — )| 2 .m)-

Observing that ||[v][g1(qs) = [|w| m2r2) is bounded by |[Ayu — wy,|| 12 r2), due to the elliptic
regularity property, valid for convex 2, and recalling that |lv — Iy 2@y < Chllull g @my),

and || asym(v — Ip) | 22(r) < Chllo]#1(oum), we obtain

1A = w22 < Ch (Il = g, Iz + ITha = allzom))

Finally, the displacement error estimate (26) follows by inserting the above estimate in the

triangular inequality
|w — wy || L2r2) < [|u— Apul| 202y + (| Ane — wy || L2(0,R2)

and by recalling the projection errors (18) and (19), and the stress error estimate (24). O

Remark. As a consequence of the observations concerning the leading constants in the projec-
tion error estimates (16)-(19), and in the estimates of Theorem 3, the same properties are valid
for the leading constants on the right hand sides of the error estimates of Theorem 4. Namely,
they only depend on the shape-regularity factors of the partitions 7, and on the bounds of

projections 7 in the reference elements, being independent of the Poisson ratio.

5. Enriched mixed formulations for Poisson and Stokes problems

This section describes a methodology for restoring the stability of space configurations for
Poisson and Stokes problems by the enrichment of the pressure spaces. The original methods
are identified by acronyms of the corresponding authors, with an index k referring to the

polynomial degree of traces of the corresponding vector functions on the element edges (except
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the Poisson-compatible spaces BDF M, for triangles, which follows the original notation

10]). The corresponding enriched versions are indicated by the superscripts T and *+. 2
[ P g y P p

5.1. Enriched Poisson-compatible space configurations 3

Consider, in the reference element K , a Poisson-compatible space configuration with poly- 4
nomial vector and scalar spaces PE B = {Vk, Pk} The index k refers to the polynomial degree s
of the norma} flux of functions in Vk on the edges in OK. The space Vk can be written as s
Vi = V2 @V, where V? is the set of edge flux functions (those with non-vanishing normal 7
components over 9K ), and V. is the set of internal vector functions. As expressed in (3), it s
is required that the associated scalar space P, C LQ(K ,R) verifies the compatibility condition o
b=V Vi 10

The enrichment 2% T — {V?+ Prt}, defined in [14, 18], is constructed as 1

St X70 2
V" = VL ® Vi,
Pt =v .-Vt =P,

The projection 7" for VZ* can be naturally constructed from the 7 projection of the original 1

spaces, preserving the corresponding property (3) and guaranteeing the stability of the enriched 13

method. i
For the current study, the following Poisson-compatible spaces are considered: 15
Triangular elements 16

e BDM,, spaces, with local spaces Vap i, (K, R?) = P (K, R?) and Pspa, (K,R) = Py (K, R)w

e Enriched versions: BDM; (= BDF M), and BDM; ™. 18

Quadrilateral elements 19

e RT ) spaces, with local spaces Vrr, (K,R?) = F%V\A/RTM and Prr, (K,R) = ]FKPRTW 20

where V’RT[k] = Pk+1’k(K’ R) X Pk7k+1(k, R) and pRT[k] = @k,k(f(v R) 21

e Enriched version: RTF,;]. 2

The dimension of the local vector spaces is shown in Table 2. 2
Geometry | Method |VZ(K,R?)| Vi (K,R?) V(K,R?)

BDM; | 3(k+1) k*—1 (k+1)(k+2)
Triangular | BDM | 3(k+1) | (k+1)*—1 | 3+k(k+5)

BDM;*| 3(k+1) | (k+2)?2—1 | (k+1)(k+6)
RTpw | 4(k+1) 2k(k+1) [2(k+1)(k+2)
RTy | 4k +1) |2(k +1)(k +2)|2(k + 1)(k + 4)

Quadrilateral

Table 2: Dimensions of the local vector spaces V (K, R?) = V?(K,R?) & V (K, R?) used in the construction of
the stress spaces S(K, M) listed in Table 1.

13



5.2. Enriched Stokes-compatible space configurations

Consider a Stokes-compatible space configuration .6, = {#%, Zx}, with local spaces

1

2

Wi (K, R?) and Q. (K,R). Similarly to the Poisson-compatible case, an enriched version W," (K, R?);

Qi (K, R) may be constructed by setting Q; (K,R) = Q+1(K,R), and by enriching the velocity
space with bubble functions Z%kH(K ,R?). Precisely

W (K, R?) = Wi(K,R?) + B 1 (K, R?).

The question is how to choose the extra stabilization bubble functions. For triangular meshes,

the answer is given in [11, Theorem 2], by taking
Bia(K,R?) = bk VQ[ (K, R),

where bg = A A2)3 is the bubble function defined by the barycentric coordinates \; of the
triangle K. In order to guarantee stabilization, it is sufficient assume that the original space
W), contains at least the continuous, piecewise quadratic, functions vanishing on 0€2. Similar
methodology applies to quadrilateral geometry.

The following Stokes-compatible spaces, and enriched versions of them, shall be considered

in the stability analysis for the examples of the next section.

Triangular elements
e Crouzeix-Raviart space (CRy) for k = 2,3 [13], extended to higher orders in [24]:

Wer, = {w € H'(Q,R*); w|x € Wer, (K, R?), K €T},
Per, = {g € P(UR); qlx € P (K,R), K €T},
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with local spaces Wer, (K, R?) = P,(K, R?*)+bxPy_o(K,R?). Note that, since VP;_1(K,R) =

P;_o( K, R?), this space configuration can be viewed as the result of a stabilization by bub-

ble functions.

e Enriched version (CR}), for k > 2. We propose the following pair of spaces

WC'RZ = {w € Hl(Q,R2)7w’K c WCR:(KyRQ), K e ,7-}’
Derr = {4 € L(UR); ¢lx € PL(K,R), K €T},

with local spaces

Wers (K, R?) = Wer, (K, R?) + b VP, (K, R).

Based on the analysis in [11], the stability of CR;, k > 2, holds. As far as we understand, this

kind of enriched space configuration for Stokes problems is new in the literature.
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Quadrilateral elements
e Girault-Raviart space (GR), for & > 2 [20]:

Voryy = {w € H'(Q,R?); w|x € Wgr,, (K,R?), K € T},
Dory = {0 € LAQR); qlx € P1(KR), K €T},

where Wgr,,, (K, R?) = Fg(Qui(K,R?)). According to [20, Theorem 3.2], for regular
partitions T, {#gr,,,, Zor,, | is stable.

e Enriched version (QRF];]), for kK > 2. We propose the following enriched space configura-
tion:
%R?fc] = {w = Hl(Q,Rz);w’K € WQRF,;](K7R2)> K e T} )
Zori, ={a € (A R); gl € Pi(K.R), KeT}.

The local spaces
Worg, (K R?) = Wor,, (K,R?) + By (K, R?),

are obtained by adding the bubble functions By, (K, R?) = Fg (Bkﬂ(f( : R2)>, with

ék+1(f(>R2) = {bpw; w € @kfl,kfl(k,RQ)} C Qk+1,k+1(f(aR2)>

bi being the basic bubble function on K, i.e., by (,9), = U(&)U () € Qua(K,R), U €
Py([0,1],R), U(0) = U(1) = 0. Then, on each element K € T, one has

Bip1 (K, R?) = {Fr(bp)F(); € Qp 11 (K, R?)}
= {bxFx(); @ € Qp_y1 1 (K, R}

It is known that Fy (Q_14_1(K,R?)) contains Py_i (K, R?) = VP,(K,R) (see [4, Theo-
rem 3]). Consequently, according to the Corollary of Theorem 2 in [11], the stability of the
enriched Stokes space configuration {%Rﬁk] , QQR[Z]} holds. As far as we understand, the

enriched space configuration QRF,;] is new in the literature concerning the Stokes problem.

6. Enriched stable approximations for linear elasticity with weak stress symmetry

In this section the five examples of stable space configurations for the mixed formulation of
linear elasticity with weak stress symmetry indicated in Table 1 are discussed. Numerical tests
using these spaces are shown in the following section. Different families of stable spaces for
the mixed formulation of the Poisson problem are used in the construction of the space config-
uration for mixed elasticity: three for triangles and two for quadrilateral elements. Precisely,

the Poisson-compatible approximation spaces are of type BDMy, BDM; and BDM* for
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triangular elements, and of type R7 |y and R’T[”,:], as described in Section 5, for quadrilateral
elements. The resulting elasticity families of spaces are identified by the name of the corre-
sponding Poisson-compatible space used in their definition. Two examples of Stokes-compatible
spaces, one for each geometry, and new enriched versions of them, as introduced in Section 5.2,
shall be used to justify the stability of the analyzed examples for elasticity problems, following
the guidelines of Theorem 1.

The accuracy orders of the new schemes shall be derived, based on the error analysis of the
previous sections, determined by the parameters s, [, t and m, defining the convergence rates
for the projections (12)-(14) and (19). For all cases, the region 2 is supposed to be convex, and
the meshes are assumed to be shape regular.

Finally, after applying the error estimates of Theorem 4 to the considered configurations, we
summarize the resulting rates of convergence for the variables g,u, V- g, and ¢ in Table 3, both

for affine elements and for non-affine quadrilateral elements mapped by bilinear transformations.

Geometry |P-method a U V-a q
BD M k k k k
Triangular | BDM; k+1 k+1 k+1 k+1
BDM; | k+1 k+2 k+2 k+1
A [NNAl A |[NA| A [ NA| A |[NA
Quadrilateral| RTpy |(k+1k+1|k+1|k+1|k+1 k |k+1k+1
RTgy |k+1k+1k+2/k+2/k+2/k+1k+1k+1

Table 3: Orders of convergence in L%-norms that can be achieved by the combination of stable finite element
spaces . C H(div,Q,M), % c L*(Q,R?), 2 c L*(Q,R) indicated in Table 1, when applied to the mixed
method for linear elasticity with weakly imposed stress symmetry. The spaces are constructed from Poisson-
compatible methods (P-method) based on triangular, affine (A) and non-affine (N-A) quadrilateral meshes
(these mapped by bilinear transformations).

6.1. Triangular elements

Three families of stable approximations for linear elasticity with weak stress symmetry are
presented for triangular meshes. These families are based on the Poisson-compatible BDM,,

spaces, or on some enriched versions of them.

6.1.1. Based on BDMy spaces, k > 1
One classic space configuration is the Arnold-Falk-Winther family [6], defined as

@(OBDMk = {yBDMgm %BDMk7 CQB'DMk}7
with

S, = {; € H(div,Q,M); 1| € Po(K, M), K € T} ,
OZ/BDMk = {Q € LQ(Q7R2)7 Q|K S ]P)k—l(K7 RQ)) K € T}v
Do, = {q € L*(QR); qlx € Py (K,R), K€ T}.
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For this case, s=k,l=t=m =k — 1.

6.1.2. Based on BDM; spaces, k > 1

Consider the enriched space configuration BDM; for the mixed Poisson problem (corre-
sponding to the classic BDF M family). By construction, the local flux space Vyp, M (K,R?)
contains Vzpa, (K, R?), and is obtained by including all internal (bubble) functions of polyno-
mial degree k+ 1. This fact guarantees stability for pressure local spaces in Py, (instead of Py_1,
as in the case for the original BDM|, case).

For the mixed formulation of linear elasticity with weak stress symmetry, we propose the

approximation spaces

Fsparg = {2 € H(div, Q. M); 7lx € Sgpygs (K. M), K €T},
Uspay = {u € L(AR); ulx € Py(K,R?), K € T},
QBDMj = {q € L*(Q,R); q|lx € Pr(K,R), K € T}.

Note that for & = 1 this space configuration corresponds to the Example 3.4 in [17].

Recall that the enhanced internal local space XD/BD M:(K ,R?) includes the bubble functions
necessary to stabilize the Poisson formulation with local pressure spaces in P, (K, R), but it also
has all divergence-free bubble functions of Py (K,R?), denoted by Vi1 (K, R?). According
to [10, Lemma 3.2], §V41 (K, R?) is characterized by

Vi1 (K, R?) = {Z X (bgw), w € Pr_1(K, R)}
Therefore, in order to guarantee that

‘g)BDMg - {yBDM;:? %BDMp QBDM;}

is a stable configuration for approximation of the mixed elasticity problem, by the application
of Theorem 1 it is enough to show that a Stokes-compatible configuration {# ', 2} exists with
local pressure space Q(K,R) = P,(K,R) and a velocity local space W (K, R?) verifying V x
W(K,R?) C Sgp M (K,M). A space configuration that satisfies this properties is the Crouzeix-
Raviart space CRy1 = {#ery.rs Zery,. - Consequently, by the application of Theorem 1, the
space configuration &yp M results to be stable for the elasticity problem (noting that 2, Mb =

Der,.,,)- Concerning the convergence parameters for &, M itis clear that s =1 =t =m = k.

6.1.5. Based on BDM™ spaces, k > 1
Consider the enriched BDM; ™ = BDM;" space configuration for the mixed Poisson prob-

lem, as described in [18] and define

v+ = {1 € H(div, 0, M); 7l € Sgppee(K,M), K €T},
OZ/BDMﬁ ={ue L*(R*); ulx € Py (K,R*), K€ T}.
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By construction, the local space SBDMﬁ(K, M) contains SBDMz(K, M), implying that V x
Werwn C Lap M also holds. Therefore, the stability for the space configuration

éaBDM[Nk] = {yBDM;ﬂ %BDM;ﬂ QBDM;}

holds as a consequence of Theorem 1.

However, recall that the enhanced local vector space Vi M (K,R?) includes all bubble
functions in Py o (K, R?), i.e., those necessary to stabilize the Poisson formulation with local
pressures in Py (K,R) and also divergence-free bubble functions, which, according to [10,

Lemma 3.2], are identified as the elements of the set
Vi (K, R?*) = {V x (bgw), w € P(K,R)}.

Therefore, there is room to improve the choice of the approximation space for the rotation. By
setting
Pgpr+ = {0 € L2(UR); qlx € P (K R), K € T} = Dogs

k1
and following the stability analysis done for the space configuration based on BDM}, we
conclude that an appropriate choice for the Stokes-compatible spaces {#, 2} to be used for
the construction of the BDM ™ configuration needs to provide a local pressure space Q(K,R) =
P;.1(K,R) and a local velocity space W (K, R?) such that

V x W(K,R?) C Spp g+ (K, M).

The enriched Stokes-compatible pair {%RLN CQCRzH} verifies these properties and, there-

fore, the space configuration

gBDM;:“‘ - {yBDMZ'J” %BDMﬁv ‘QBDMﬁ}

results to be stable, according to Theorem 1.
For this case, the accuracy of the approximations is determined by the parameters s = k,
l=t=m=k+1.

6.2. Quadrilateral meshes

In this section, two families of stable approximations for linear elasticity with weak stress
symmetry are considered for quadrilateral meshes, one based on the Poisson-compatible RT

spaces, and a new one based on their enriched version, RTPI;].
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6.2.1. Based on the RT ) spaces, k > 1
As proposed in [1], let the space configuration

Frryy = {2 € H(div, 0, M); zlic € Ser, (K, M), K €T},
%’RTM - {Q € L2<Q,R2>; Q|K S URT[H<K7 R2), K e T} ,
Pr7yy = {q c L*(Q,R); qlx € Pu(K,R), K € T}.
Taking the Stokes-stable family GR 1), with WgR[HH = Qir141 (K, R?), the inclusion V x

%R[
that

C SRy, is easily verified [1], guaranteeing the hypotheses of Theorem 1, and implying

k+1]

g’RT[k] = {yRT[k] ) %RT[k] ) ‘Q'RT[k] }

is a stable space configuration for the mixed formulation for linear elasticity with weak stress
syminetry.

On affine quadrilateral meshes, all variables have the same order of accuracy, determined
by equal parameters s = [ =t = m = k. For quadrilateral meshes with elements mapped by
bilinear transformations, the order of accuracy of the divergence approximation decreases one
unit [5],i.e., s=t=m==Fk butl =%k — 1.

6.2.2. Based on the enriched RT[J,;] spaces, k> 1

Consider the enriched RT[J,;] space configuration for the mixed Poisson problem, as described
in [18]. Precisely, PRTFZ] (K,R) = Prry,, (K, R), and

VRT[J;Z](Kv RZ) = V??T[k] <K7 R2) ® ‘O/RT[HIJ (K’ Rz)'

Accordingly, we propose the following enriched space configuration for stress and displace-

ment:

yRT[Z] = {r € H(div,Q,M); 1|k € SRT[:](K, M), K € T},
U, = {u € L(UR); ulk € Upys (KRY), K €T}
By construction, the flux approximation space VRT[:](K ,R?) contains VRT 4 (K,RR?), implying

that Z X %'R[

configuration

ey C yRTrk] also holds. Therefore, by Theorem 1, the approximation space

ErRT i {7 RT Sy %RTFI;]7 DrT [k]}
is stable. The accuracy orders obtained using the (E’RT&] space configuration are determined by
the parameters s = m = k and t = k4 1. For the divergence of the stress, [ = £+ 1 in the case
of affine meshes, and [ = k for general bilinearly mapped quadrilaterals.

In order to guarantee that

éanﬁk] ={s RT Sy %RT[;]» ORT [k+1]}
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+
[k+1]>

Section 5.2, with 2

is a stable configuration as well, take the enriched Stokes-stable family GR as described in 1

W,
GRE

](K, Rz) = WQR[k+1] (K, R2) + ék+2<K7 RZ):

QQR+

[k+1

}(K) :PkH(K),

where the stabilizing bubbles functions ék+2(K ,R?) =TFg [Bk”(f( , RQ)} are such that E’HQ(}A{ Ry C

QHQ,HQ([A{' ,R?). Therefore, 4
V x Wory (K, R?) = ¥ x War,,,, (K, R?) + ¥ x Bia( K, R?).

From the stability analysis of ér7,, in [1], it is already known that V x Wgr,, , (K, R?) C s

SrTy (K, M) C SRTF,;](K ,M). For the stabilizing bubble term, observe that 6

Y x Byo(K,R?) = ¥ x i [EHQ(K,R%}

Fi ¥ x Buya(K,R?)|

C F&Y [z X Qk+2,k+2(kaR2)i| .

According to [10, Lemma 3.3], F{¥ [Z X Qk+27k+2(k , R)] is the space of divergence-free func- -
tions in Verr, (K,RR?). Furthermore, since the functions in ék+2(K ,R?) vanish over 0K, s
then we conclude that ¥ x Byia(K,R?) C gnT[
inclusion V. X W+

(k+1]
configuration é(’RT[J]rC] results to be stable, with 1

o

K,M) = SRTEZ] (K,M). Consequently, the o
C YRT[:] is verified. Applying Theorem 1, the approximation space 1o

) (

CQRT[*I;] ={9€ L*(QR); ¢lx € Pri(K,R), K €T} = ZRT|

k+1]°

The accuracy orders obtained using the éaRT[J];] space configuration are determined by the 1
parameters s = k and t = m = k + 1. For the divergence of the stress, [ = k + 1 in the case of 13

affine meshes, and | = k for general bilinearly mapped quadrilaterals. 1

Other possible choices for the local space 2(K,R), for affine quadrilaterals 15

The comparison with some other Stokes-compatible spaces existing in the literature suggests 1
other possible choices for the space 2, to be used for weakly enforcing the symmetry of the 1
stress. 18

In [29], the authors introduced a general methodology for the construction of Stokes- 1
compatible methods based on affine quadrilaterals. They also presented six methods; some 2
of them can be used to show that the tensor and displacement approximations for elasticity =
based on Poisson-compatible spaces R7 ;) and RT[Z] for such meshes can be combined with 2
different spaces 2 for the variable g to construct stable configurations for approximation of the 2

elasticity problem. 2
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1. Spaces based on RT ), with Q(K, R) = Qk_Lk_l(f(, R) U }P’k(f(,]R): Consider the Stokes-

compatible configuration SSy1(6), indicated as Method 6 in [29]. It uses as local spaces

1

2

WSS;H_l((S) (K7 RZ) = @kJrl,kJrl([A(u R2) = WQ'R[k_H] ([A(7 RZ); and Q55k+1(6)(}%7 R) = Qk*l,k*l([%: R)L}’

Pk(f( ,R), which is the maximal pressure space corresponding to this kind of velocity space.
Therefore, the space configuration {YRT[H, %RT[W 255,.1(6)} is stable for the elasticity

mixed formulation with weak symmetry.

2. Spaces based on RT[Z], with Q(K,R) = kak(f(,]R) U IP’kH(f(,R): AConsider the ?tokes—
compatible configuration with local spaces WgR[J,; ](K, R?) and Q(K,R) = Qi(K,R) U

+1
Pi1 (K, R), for affine quadrilateral meshes. Since YV X Wgn+

[k+1

with local spaces Q(K, R) = Qjx(K,R)UP, 1 (K, R) are also an option for weakly enforcing

| C yRT[*,;]’ approximations

stress symmetry on the R’T[J,;] context, given that the mesh is based on affine quadrilaterals.

It should be observed that these two options do not increase the convergence order of the
approximations. However, the magnitude of the error for ¢ may be reduced when Q(k JR) =
Qi_141 (K, R) UPL(K,R) or Q(K,R) = Qp(K,R) UPy (K, R) are used in the R7 7 and

RT[J,Z] contexts, respectively.

6.3. Related spaces in the literature

In this section we recall some known related stable space configurations for the mixed

formulation of linear elasticity with weak stress symmetry.

6.3.1. Three families for triangles

The principle used in [28] to construct enhanced space configurations for elasticity problems
is based on the enrichment of Poisson-compatible spaces with divergence-free functions. This
strategy allows for an improvement in the space that is used to weakly impose the symmetry.

For instance, the example analyzed there in detail is based on the BD M, space for triangles.

Configuration based on BDM,, spaces:

Consider the space configuration &s_gpu, , analyzed in [28]:

ySfBDMk = {; € H(diV,Q,M); ;‘K S ]P)k<K,M) —|—5Sk+1(K,M), K e T} )
Us—pom, = {u € L*(Q,R?); ulx € Py (K,R?), KeT},
2s_pom, = {q € L*(QR); q|lx € PL(K,R), K€ T},

where 0541 (K, M) = {V x (bxw), w € Pp_1(K,R*)} C Ppys (K, M).

A confront of this space configuration with the Arnold-Falk-Winther family &gp s, , proposed
in [6] and described in Section 6.1.1 shows that the enrichment of the local spaces Py(K, M)
with the divergence free space 0 Sk11 (K, M) allows the &s_ppa, family to stably use richer local
approximations in Q(K,R) = Pr(K,R) for the rotation variable, instead of P,_; (K, R), as in

the former &ppuy, case.
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Note also that the rows of the extra term Sy, (K, M) are the divergence free vector func-
tions of Py, 1 (K, R?), with vanishing normal components over 9K (see [10, Lemma 3.2]). There-
fore, P (K, M) & 0541 (K, M) C Spp v+ (K, M).

Configuration based on R7T} spaces
As argued in [28], a similar technique for stabilization by adding divergence-free bubble
functions can be applied to other space configurations based on Poisson-compatible spaces. For

instance, the space configuration &s_z7, is based on the RT}, space for simplicial elements:

R {; € H(div, 0, M); 7|x € Spr, (K, M) + 051 (K, M), K € T} ,
Us_rr, = {u € L*(,R?); ulx € P(K,R?), KT},
2s_r7, = {0 € L*(QR); qlx €P(K,R), K€ T}.

A confront of this space configuration with &s_gpa, leads to the observation that the use
of enriched local spaces Sgr, (K, M), instead of Py (K, M), allows the &s_g7, family to use
the richer local spaces P,(K,R?) for approximation of the displacement variable, instead of
P;._1(K,R?) as in the former &_ppaq, case.

It can also be observed that the local vector spaces Vrr, (K,R?) (with dimension (k +
1)(k + 3)) are contained in VBDM:(K, R?) (= BDF My, space, with dimension k(k + 5) +
3). They share the same edge component, and their divergence is the space Px(K,R). In
fact, they differ by a divergence-free vector space of dimension k included in Py, (K, R?).

Since Vi, M:(K ,R?) contains all the internal vector functions in Py, (K, R?), including the

ones in VRTk(K ,R?), and the remaining divergence-free ones, we conclude that Sgr, (K, M) +
0Skr1 (K, M) = BDM;(K, M). Therefore, the space configurations &s_g7, and éanDM: for

elasticity with weakly imposed symmetry are the same.

Economic configurations based on RT . spaces

Inspired by the &s_r7, space configuration, the proposal in [12] is also to consider a for-
mulation based on the Poisson-compatible RT . space on simplicial elements, but augmented
with divergence-free spaces of minimum dimension, while keeping the remaining configuration
for displacement and rotation variables. A second version of this FE space configuration was
proposed in [21], using a smaller stress space, displacement space with one degree less, while

maintaining the same space for rotations.

6.5.2. Spaces based on ABFy, spaces, k > 1, for quadrilaterals

The ABFy spaces were introduced in [5] for approximation of the Poisson problem on
quadrilateral elements and correspond to VABf[k](K,RQ) = Qpion(K,R) X Qpiriz(K,R) and
Pasry, (K,R) = Ri(K,R), where Ri(K,R) C Qp414+1 (K, R) is obtained by excluding from the

polynomials in QHL;.CH(IA( ,R) the span of the monomial #¥!4*1. Accordingly, the associated

local spaces are Vagz,, (K, R?) = Fi¥ (Vagr,, (K, R?)) and Pagr,, (K, R) = Fx(Pasr,, (K, R)).
Based on the ABFp) family, the space configuration &asr,, = {Fasr,), Zasr,, LRy b
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studied in [26] is defined as follows:

Fuszyy = {£ € H(div, 0 M); 2l € Sasz,, (K.M), K € T},
Unsr,, = {u € QR uli € U, (K, R?), K €T},

2L aBFy = 2RT -

Its stability is obtained after the observation that Ve, (K R?) C Vyp Fu (K R?), and by using
the same arguments for the verification of the hypotheses of Theorem 1, as done for ézr,, in
[1] and described in Section 6.1.1.

As discussed in [18], the confrontation of the Poisson-compatible ABF and RT[J,;] space
configurations for quadrilateral elements reveals that their vector spaces in the master ele-
ment share the same edge component, in Qkk(f( ,RQ), but VAB;W - ‘A/RT[J;}. Furthermore,
Papry (K, R) © Qpyrpi (K, R) = RTH, (K,R). Consequently, the convergence rates for
& ABF, and gRT[Z] are of the same order for ¢ and V-g. Concerning their convergence rates for
displacement, both reach the enhanced k + 2 order for affine meshes, but for general quadrilat-
erals mapped by bilinear transformations the rate for &5 Fuy Spaces is of order k + 1, while for
5‘737[:} spaces the enhanced k + 2 order is reached. For the approximation of the rotation the

rate of convergence is k + 1, for both schemes.

7. Numerical results

One possibility for the implementation of the method (6) in a reduced form is to apply static
condensation. This procedure can be done after classifying, in each element, the degrees-of-
freedom of the tensor unknowns as internal or edge shape functions, and of the displacement
as piecewise constant approximations (rigid body motions) or functions with zero mean. Then
the degrees-of-freedom associated with internal tensors, zero mean displacements and rotations
can be condensed, leading to an indefinite linear system coupling the global unknowns of edge
tensors and rigid body piecewise constant displacements.

An alternative implementation technique is via hybridization, as described, e.g., in [12],
that results in a symmetric positive definite system for a single new variable. In the hybrid
formulation, the H(div, M)-conformity of the tensor approximation spaces .#}, are relaxed, and a
Lagrange multiplier, ),, is introduced on the edges. This procedure allows for the condensation
of all degrees-of-freedom associated with g, Up, and gy, resulting in a global system for A, only.
The numerical results in this section have been obtained by the hybridization technique, using
the general purpose MKL /Pardiso package to solve the global systems.

In order to illustrate the error analysis of the previous section, a test problem is defined in
Q = (0,1)2, and the load function g is chosen such that the model problem has exact solution
given by

cos(mz) sin(27y)

u(z,y) = | | ,
sin(mzx) cos(my)
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with the Lamé parameters A = 123 and p = 79.3.
In the following sections we present numerical results that confirm the a priori error esti-
mates obtained previously. For convenience, some of them are summarized in Table C.4, shall

the reader reproduce these tests.

7.1. Uniform affine meshes
Uniform rectangular meshes are considered with spacing h = 27, ¢ = 2,...,8, and triangu-

lar meshes constructed from them by diagonal subdivision.

Rectangular elements

We show in Figure 1 the error curves for g (top left), for Vg (bottom left), for u (top right),
and for ¢ (bottom right). The results are obtained with approximation space configurations
éam-[k] , <§"R7—[~k] and (fRT[:], for k = 1 and 2. For simplicity, these space configurations are indicated
in the plots by RT ), RT, and RT?];], respectively. The expected rates of convergence are
verified, illustrating the enhanced divergence and displacement accuracy when the enriched
configurations are applied. In fact, confronted with @“’RTM and ‘9@737'[7@]’ the configuration @@RT[Q]
gives approximations for the variables ¢ and ¢ with same accuracy order, RFHL but with smaller
error magnitudes, specially for k& = 2. Enhanced order h*™2 is verified for the variables u and
V - o when using the enriched configurations gRT[Nk] and gRTFL]' The errors in tensor asymmetry
are displayed in Figure 2. It can be observed that the convergence rates are of order h*!, which
is consistent with the corresponding tensor accuracy. However, the use of enhanced rotation

space in gRT[*} results in an approximation for the stress tensor with reduced asymmetry.
k

Triangular elements

The plots in Figures 3 and 4 are for simulations based on triangular elements and the
space configurations &zp, (indicated by BDMy,), &xp M (indicated by BDM;)), and &5p M
(indicated by BDM; "), for k = 1 and 2. In all cases, the convergence rates for the variables

h¥*L. For V - ¢ and u, the convergence rates increase from order h¥. when

o and q are of order a
BDM,, is used, to orders A**1 and A**2, when the space configurations are enriched to Exp M

and &xzp M respectively.

7.2. Trapezoidal meshes

The purpose of this test problem is to evaluate the effect on the accuracy of the approxi-
mation when non-affine quadrilateral meshes are used. Consider the partitions 7, of {2 formed
by trapezoidal elements with a basis of length h and vertical parallel sides of lengths 0.75h and
1.25h.

The error curves for g, V - g, u, and ¢ are presented in Figures 5 and 6, using the approxi-
mation spaces of type (E’RTW 5737—[7@, and é"RT[J;], for k = 1 and 2. As predicted by the estimates,
the convergence rates for g, u, and g obtained with these non-affine trapezoidal meshes coin-
cide with the ones obtained with uniform rectangular meshes, namely A**!, A*¥*2 and AF*
respectively. For V - g, the degradation of accuracy to order h* is verified for cg"RT[k], but order

R**1 is recovered when the enriched space configurations gRT[Nk} and @@m—r] are applied.
k
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Figure 1: Rectangular meshes: L2-error curves versus h for o (top left side), u (top right side), V - g (bottom
left side), and ¢ (bottom right side), using space configurations &g, éaRT[Nk], and gRTf]’ for k=1 and 2.
k

8. Conclusions

In this paper we demonstrate both theoretically and numerically that bubble enriched H(div)
approximation spaces can be applied to the mixed formulation of two dimensional elasticity lead-
ing to higher rates of convergence for the divergence of the stress field and for the displacement.
The compatibility between tensor and displacement spaces was inherited from previous work
on the simulation of the Darcy problem [18]. It was also shown that the multiplier space for
weakly enforcing the stress symmetry is Stokes-compatible with the enriched stress space.

The error analysis also demonstrates that weak stress symmetry enforcement and stress
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Figure 2: Rectangular meshes: L2-error curves for asym g, using space configurations of type érr,,, éaRTE,;]?
and @@RTT]’ for k=1 and 2.
k

accuracy are related. The proposed bubble enrichment has been used so that the convergence
rate of the stress variable is determined by the order of approximation of the stress normal
traces.

The additional degrees of freedom corresponding the the bubble degrees of freedom and
higher order displacement space can be statically condensed. Therefore, the proposed approxi-
mation space leads to higher order accuracy for the displacements without affecting the size of
the global system of equations.

The error estimates have been confirmed through numerical tests for both affine and dis-
torted meshes, and for some some classic divergence compatible FE pairs.

As demonstrated in [15] for the case of Poisson-compatible FE pairs, the enrichment method-
ology is general enough to be considered for other elasticity families existing in the literature,

provided their rotation multiplier space is Stokes-compatible with the enriched stress space.
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Appendix A. Proof of Theorem 2

Proof. The construction of Iz = II;z + Ilp7 is done in two steps. First, choose II; :
H*tH(Q,M) — . such that

<Z~(;—H1;),Q> , =0, Vne%. (A.1)
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This can be obtained directly from the projection associated to the pair {#, 22}, P : H*(Q, R?) —2
¥, verifying the commutation formula (4b). Precisely, for 7 = [wl 1p2} €S, let Il =
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[77’%&1 WD@[)Q] Then IT; is a bounded operator in H(div, 2, M), and

(Z' (z - ng),ﬁ> = {(V (Y1 — 7TD1/)1)7771> ; (V (1 — 7TD¢2)>772>]

=0, Vn = [771 772] cU.

The second step is a divergence free correction I, : H5™(Q, M) — .# such that
(asym o7, 9) = (asym (ILz — 1), ), Vo € 2. (A.2)
To construct IIoz, let ¢ = [¢1 ¢o] € # be a solution of the Stokes problem such that —(V -

¢, ¢) = (asym(ILiz — 1), ), Vo € 2, and define

0 -0
e LU
Do —0hs

By the assumption of Theorem 1, I,z € . It can be easily verified that Ilp7 is divergence

free. Consequently,
Tz || (a0 = Tez] 2@y < CITLT — || 220m),

and since asym I,z = —01¢1 — 02 = —V - @, the required property (A.2) holds. O]

Appendix B. Proof of Theorem 3

Proof. The proof is obtained with similar arguments as in Theorem 6.1 in [5]. Consider the

eITOrs 0 — 0, , U — Uy, and ¢ — q. Then

(Alc—g,). 1)+ (u—w,V 1)+ (q—qgnasym 1) =0, VIe .7, (B.1)
V-(e¢—ga,)n) =0, Vn€ %, (B.2)
(asym(c —g,). ) =0, Vo € 2. (B.3)

Taking 7 = IIyo — 0, € %, and using equation (B.2), combined with properties (11) and (15),

we obtain

(u—wu, V1) = (A —w,, V- (g - g, ))
= (Mu—w,,V-(g—g,))=0. (B.4)
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Analogously, from equation (B.3), combined with (11), we obtain

0= (asym(g — o + 1o — g, ), so) = (asym(g —1I,0), so) + (asym T, g;)

= (asym;, gp) , Vo € 2. (B.5)

Consequently, by using 7 = II,0 — g, as test function in (B.1), we obtain (A(g—g,),7) + (¢ —

h
['ng,asym 1) = 0, which can be expressed as

(A<g - th + th - gh)7£) =+ (q - Fth asym ;) - 07
meaning that
(A(TTg — g),z) + (Thg — ¢, asym 1) = (AL, 7).

)=

Using (B.4) and (B.5), the condition (S1) implies that (Az, 1) > ¢; 2|z % a0 = cl_2||;||%2(QM).

Consequently,

Izllzzomm = IThg = &, lr2@n) < C [IThg = allzzioumn + IThg = dllzzom | (B6)

holds. The above relation is the statement of Theorem 4.1 in [12], derived in the context of
simplex meshes.

Concerning the estimate for ||¢ — gn| 2 r), let ¢, € #;, be an approximation of a vector
function ¢ € H 1(Q,R?), with —V - ¢ = I'nq — qn, by the mixed formulation of a Stokes problem
based on the space configuration {#},, 2} such that —(V “ 9, ©) = (Thg — qn, p), Vo € 2.
Defining 7 =V x ¢, € %, then V-7 =0, and asymz = =V - ¢,. Thus, |[I'hq — qhH%Q(Q’R) =
—(V- &, Thg — qrn). Using this expression in the error relation (B.1), we get

—(A(e—g,),7) — (¢—Thg,asym 1) = [Thg — aull72(z)

from which the estimate

ITha — anllz20r) < C |llg — g, 22 + llg — Fh(JHL?(Q,R)] (B.7)

holds. Similar result is stated in [12, Theorem 6.1]. Combining (B.7) with the (B.6), the desired
estimate (B.1) is derived after the application of the triangle inequality.

In the case of affine meshes, for which V- o, € %, (B.2) means that V - g, is the L*-
projection of V - g on %,. Consequently, estimates (22) hold with C' = 1. In general, in order
to estimate the divergence error, a procedure similar to the one applied for the Poisson problem

in [5, Theorem 6.1] may be used. Precisely, if £ € .%},, define n € %, by

JKZ T, in K
n= -
- 0 elsewhere
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For the particular case 7 = g, , insert the result in (B.2) to get 1

V-(e-g,)JxkV-0,)=0,

from which the relation 2
13V - g, lleemey < 192V - alleeme).

holds, so |V - thLQ(K,Rz) < C|Y - gl L2k r2)- Similarly, taking 5 associated to £ = ITyg — g, 3

the relation 4

(V-(g—g,) &V (g —g,)) =0

holds, from which we get 5

IV (e =g )llrxxre) < CIV - (g — o) 205 r2).-

The estimate (22) follows by summing these contributions over all elements K. 6
In order to treat ||Apu — gh“%z(QRg), take w as the solution of the elasticity problem V.v = -
Apu — uy,, with v = A tew € H(div,Q,S), w|sq = 0. Therefore, 8
[Anw — w72 0pe) = (V- 0, Apu — wy,) = (V- T, Apu —w,) - (by (11))
= (V- I, u—w,) + (V- I, Apu — u)
(Y T u) (by (15).  (BS)

Since v is a symmetric tensor, and (asym(g - th),g0> =0, Vp € 2 by property (11) we o
obtain that (asym (IT,v), ) = 0, ¥V ¢ € 2}, implying that 10

(g — qn,asym IT,w) = (¢ — g, asym (v — ).

Noting that

we conclude that 1

(Alg—g,) ) = —(Alg—g,),2 — ) + (Alg — g, ). 2)

=h’/’' = = =
=—(Alg—g,),v— ).
Then, after testing (B.1) with IL,v, we obtain the identity 12

(A(g —g,), ) + (u — w,, V- Tw) + (¢ — Thg, asym (v — ) = 0,
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to finally reach the desired relation after using (B.8):
[ Apu — Qh|’i2(Q,R2) = (A(g - gh),g - th) + (I'ng — ¢, asym (g - th))-

Recall that this result is related to [12, Theorem 5.1].
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Appendix C. Table of convergence history

Rectangular elements

gRT[;]
stress displacement divergence rotation asymmetry

error  rate error rate| error rate| error rate| error rate
3.7966e—1 3.05 | 4.4881e—5 3.98 | 2.6844e—1 3.97 | 9.1537e—4 3.27 | 2.0264e—1 3.10
4.7075e—2 3.01 | 2.8192e—6 3.99 | 1.6856e—2 3.99 | 1.1013e—4 3.06 | 2.4738e—2 3.03
5.8717e—3 3.00 | 1.7644e—7 4.00 | 1.0547e—3 4.00 | 1.3656e—5 3.01 | 3.0708e—3 3.01
7.3349e—4 3.00 | 1.1031e—8 4.00 | 6.5939e—5 4.00 | 1.7041e—6 3.00 | 3.8303e—4 3.00
9.1666e—5 3.00 | 6.8946e—10 4.00 |4.1216e—6 4.00 | 2.1294e—7 3.00 | 4.7843e—5 3.00
Trapezoidal elements

\I@Cﬂ%wl?\

gRT[t,]
stress displacement divergence rotation asymmetry

error  rate error rate| error rate| error rate| error rate
7.0365e—1 2.77 | 8.2708e—5 3.75 | 4.6390e—1 3.79 | 2.4684e—3 2.48 | 3.5236e—1 2.90
8.9174e—2 2.98 | 5.3090e—6 3.96 |4.1611e—2 3.48 | 3.1180e—4 2.98 | 4.4620e—2 2.98
1.1206e—2 2.99 | 3.3516e—7 3.99 | 4.5372e—3 3.20 | 3.9194e—5 2.99 | 5.5938¢e—3 3.00
1.4038¢e—3 3.00 | 2.1028e—8 3.99 | 5.4433e—4 3.06 | 4.9126e—6 3.00 | 6.9961le—4 3.00
1.7564e—4 3.00 | 1.3163e—9 4.00 | 6.7309e—5 3.02 | 6.1488e—7 3.00 | 8.7455e—5 3.00
Triangular elements

\I@Cﬂ%@l@

gBDM;{
stress displacement divergence rotation asymmetry

error rate error rate| error rate| error rate| error rate
6.3008e—1 3.06 | 1.0249e—3 2.96 | 7.1264e+0 2.95 | 3.6031le—3 2.98 | 4.0618e—1 2.99
7.7523e—2 3.02 | 1.2911e—4 2.99 | 8.9841e—1 2.99 |4.5303e—4 2.99 | 5.0600e—2 3.00
9.6450e—3 3.01 | 1.6171e—5 3.00 | 1.1254e—1 3.00 | 5.6752¢—5 3.00 | 6.3112e—3 3.00
1.2040e—3 3.00 | 2.0223e—6 3.00 | 1.4075e—2 3.00 | 7.0998e—6 3.00 | 7.8799e—4 3.00
1.5044e—4 3.00 | 2.5282e—7 3.00 | 1.7596e—3 3.00 | 8.8777e—7 3.00 |9.8441e—5 3.00

@@BDM;+
stress displacement divergence rotation asymmetry

error rate error rate error rate error rate error rate
6.2866e—1 2.97 | 8.7851le—5 3.92 | 4.6248e—1 3.95 | 3.7916e—3 2.85 | 2.9433e—1 2.91
7.9252e—2 2.99 | 5.6127e—6 3.97 | 2.9133e—2 3.99 | 4.9671e—4 2.93 | 3.7636e—2 2.97
9.9507e—3 2.99 | 3.5414e—7 3.99 | 1.8244e—3 4.00 | 6.3334e—5 2.97 | 4.7403e—3 2.99
1.2467e—3 3.00 | 2.2231e—8 3.99 | 1.1408e—4 4.00 | 7.9864e—6 2.99 | 5.9411e—4 3.00
1.5602e—4 3.00 | 1.3923e—9 4.00 | 7.1311e—6 4.00 | 1.0024e—6 2.99 | 7.4340e—5 3.00

\I@Cﬂ%@l&

\I@Cﬂﬂkwlf%

Table C.4: L?-errors and orders of convergence in the stress (o), displacement (u), divergence of stress (V - a),

rotation (g), and asymmetry of stress (asym g), using approximation space configurations & -+ on rectangular
= (2]

and trapezoidal meshes, and &5, M and &,y Mp+ on triangles.
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